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Abstract 
Hilbert-Schmidt (HS) decompositions are employed for analyzing systems of n-qubits, and a qubit with a qudit. 
Negative eigenvalues, obtained by partial-transpose (PT) plus local unitary transformations (PTU) for one qubit 
from the whole system, are used for indicating entanglement/separability. A sufficient criterion for full separability 
of the n-qubits and qubit-qudit systems is given. We use the singular value decomposition (SVD) for improving the 
criterion for full separability. 
General properties of entanglement and separability are analyzed for a system of a qubit and a qudit  and 
n-qubits systems, with emphasis on maximally disordered subsystems (MDS) (i.e., density matrices for which 
tracing over any subsystem gives  the unit density matrix).  A sufficient condition that  ( )MDSρ  is not separable 
is that it has an eigenvalue larger than  1 / d  for a qubit and a qudit, and larger than 11/ 2n−  for n-qubits system. 
The PTU transformation does not change the eigenvalues of the n-qubits MDS density matrices for odd n . Thus 
the Peres-Horodecki  (P-H) criterion does not give any information about entanglement of these density matrices. 
The P-H criterion may be useful for indicating inseparability for even n. 
The changes of the entanglement and separability properties of the GHZ state, the Braid entangled state 
and the W state by mixing them with white noise are analyzed by the use of the present methods. The 
entanglement and separability properties of the GHZ-diagonal density matrices, composed of mixture of 8 GHZ 
density matrices with probabilities ( 1,2, ,8)ip i = ⋅⋅ ⋅ , is analyzed as function of these probabilities. In some 
cases we show that the P-H criterion is both sufficient and necessary. 
Key words: qubits systems, qubit-qudit,  PTU transformations, entanglement, separability, MDS density matrices, 
white noise mixing, Braid state, W state, GHZ-diagonal states.  
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1.   Introduction   
The entanglement and separability properties of 3 and 4 qubits systems have been discussed in many 
papers (see e.g. review articles
1,2
).  In spite of the extensive literature, the use of Hilbert-Schmidt (HS) 
decompositions for analyzing such systems has not been largely exploited. The purpose of the present 
article is to analyze various interesting properties of entanglement and separability for various cases of 3 
(and more) qubits systems, and combination of a qubit and a qudit, which are derived by use of such 
decompositions.  
 For 3-qubits system denoted by A, B and C we use the Hilbert-Schmidt (HS) representation of 
this density matrix given by:
3
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                                                                                                                               .                       (1.1) 
Here I denotes the unit 2 2×  matrix, ⊗  denotes outer product, the three Pauli matrices are 
represented by σ

; ,r s
 
, f  are 3-dimensional parameters vectors, ,
mn klt o , and ijp  include 27 
parameters, and 27 parameters are included for abcR . The parameters can be obtained by tracing the 
product of ρ by the corresponding term in (1.1). For example:  
    ( ) ( ) ( ){ }abc a b cA B CR Tr ρ σ σ σ= ⊗ ⊗    .                                                            (1.2) 
We can generalize the HS decomposition of (1.1) to that of n-qubits including 
22 1n −  parameters. We 
concentrate in the present paper on special cases for which usually we have a smaller number of HS 
parameters.  
For treating separability/inseparability we use the partial-transpose (PT) of a qubit.
4,5
 For 
example, suppose the density matrix of 3-qubits ,A B  and  C  is fully separable, i.e.   
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( ) ( ) ( )j j j
j A B C
j
pρ ρ ρ ρ= ⊗ ⊗∑   ,                (1.3)  
where 0jp ≥  with  
1
1
N
j
j
p
=
=∑  . Then a partial transpose (say with respect to A) means replacing 
( )j
Aρ by ( )( )tjAρ . Since ρ  and tρ  have the same eigenvalues,  ( )( )tjAρ  is a bona fide density matrix 
and therefore     
 
( )( ) ( ) ( )
1
( ; )
N tj j j
j A B C
j
PT A pρ ρ ρ ρ
=
= ⊗ ⊗∑        ,                 (1.4) 
is also a density matrix, i.e. ,  its eigenvalues are non-negative. Therefore if an eigenvalue of ( ; )PT Aρ is 
negative it cannot be fully separable.
4,5
  
Any 
( )j
Aρ  can be written as  
          
( ) ( )( ) ( )( ) ( ) ; | | 1
2
j
j A jA
A
I a
a
σρ + ⋅= ≤
 

       .                                                                   (1.5)                                  
                  The partial transpose (PT) of ( , , )x y zσ σ σ σ

 is given by  ( , , )x y zσ σ σ−  , i.e., only yσ  changes 
sign. However, a rotation (i.e. a unitary transformation which does not change the eigenvalues) by 
0180  
around the y  axis makes the additional transformations: ;
x x z zσ σ σ σ→ − → − .  We refer to the 
transformation A Aσ σ→ −
 
 as the PTUA transformation, i.e. partial transpose relative to A plus a local 
unitary transformation (of A). In a similar way we can use the PTUB or PTUC transformations relative to 
B or C, respectively. We should take into account that the PTU transformation can be made separately 
for each qubit (A, B or C), and if in any one of these cases one gets a negative eigenvalue for ( )PTUρ  
then we can conclude that the density matrix is not fully separable. However, if in all these PTU 
transformations one does not get a negative eigenvalue no conclusion about entanglement can be made 
by this procedure.
5
  
 It is possible to obtain a sufficient condition for full separability of n-qubits systems by relating 
the HS parameters to probabilities.
6
 A sufficient condition for full separability of the general density 
matrix (1.1) is given by: 
4 
 
 
3 3 3 3
, , 1 , 1 , 1 , 1
1abc mn kl ij
a b c m n k l i j
R t o p r s f
= = = =
+ + + + + + ≤∑ ∑ ∑ ∑
 
           ,   (1.7) 
i.e., if the sum of the absolute values of the HS parameters is not larger than 1, we can conclude that the 
density matrix is fully separable and we have an explicit expression for such separability.
6
  The sufficient 
condition for full separability can be improved by using local unitary transformations
7,6
 as the 
expression on the left side of (1.7) is not invariant under local unitary transformations. For a matrix a   
the pl norm is defined as 8  
 
1/
1 1
ppm n
p ij
i j
l a
= =
 
=   
 
∑∑  .         (1.8) 
For 2l  norm (1.8) gives the Frobenius norm
8
  while for 1l norm (1.8) gives  
 1
1 1
m n
ij
i j
l a
= =
 
=  
 
∑∑   .        (1.9) 
It is interesting to note that on the left side of (1.7) we have the  1l norm of the matrices ,mn klt o , and ijp
.
3
, , 1
abc
a b c
R
=
∑  is considered as the 1l norm of the tensor abcR . Unitary transformations may be used to 
reduce the 1l  norm. 
 We analyze general properties of entanglement and separability for a system of a qubit and a 
qudit and n-qubits systems with maximally disordered subsystems (MDS),
7
 i.e., density matrices for 
which tracing over any subsystem gives  the unit density matrix, e.g. 
 ( )( , , ) ( ) / 4A CBTr A B C I Iρ = ⊗     .       (1.10) 
For the 3-qubits system with MDS  
 
3
, ,
, , 1
8 ( ) ( ) ( ) ( ) ( ) ( )ABC A B C a b c a A b B c C
a b c
I I I Rρ σ σ σ
=
= ⊗ ⊗ + ⊗ ⊗∑         ,   (1.11) 
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we have given an explicit form for separabity (Ref.(6) Eq.(32)) . We show that a sufficient condition that  
( )MDSρ  is not separable is that it has an eigenvalue larger than  1 / d  for a qubit and a qudit, and 
larger than 
11/ 2n−  for n-qubits system. We prove that the PTU transformation does not change the 
eigenvalues of the n-qubits MDS density matrices for odd n . Thus the Peres-Horodecki (P-H) criterion 
does not give any information about entanglement of these density matrices. The P-H criterion may be 
useful for indicating inseparability for even n. 
 The present article is arranged as follows: In section 2, we discuss the use of our methods for 
7( )MDSρ , and also for some more general density matrices. In sections 3-6 we discuss the use of our 
methods for a GHZ state and for W state,
9 11−
  for a Braid 
n
B  entangled state, 12   and for GHZ-diagonal 
states,
10
 including mixtures with white noise. We give sufficient conditions for separability and 
inseparability, and for some of these cases we show that the conditions are both sufficient and 
necessary. In section 7 we summarize our results and conclusions. 
 
2. Mainly states with maximally disordered subsystems (MDS) 
2.1. Some general properties of maximally disordered (MDS) qubit and qudit   
The density matrix of a qubit and a qudit with maximally disordered subsystems (MDS)
7
 is given in the 
HS decomposition by  
( ) ( )
23 1
2 2
,
1 1
2 ( )
d
d d
l l
l
d MDS I t f I Rµ µ
µ
ρ σ
−
= =
= + ⊗ ≡ +∑∑        .                                        (2.1) 
Here lσ  are the Pauli matrices of the qubit, ( )2dI is the unit matrix in dimension 2d and fµ  are 
proportional to the generators of ( )SU d pertaining to the qudit. 13,14  Here fµ  are d d×   Hermitian 
traceless matrices satisfying  ( )tr f fµ ν µνδ=  . (This particular normalization is convenient for obtaining 
a sufficient condition for full separability). Under PTU transformation of a qubit R R→ − . Therefore 
( ) ( )22 dd PTU I Rρ = −       .                              (2.2)  
Equations (2.1) and (2.2) entail the simple relation  
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( ) ( )
2
( )
dI
PTU MDS
d
ρ ρ= −        .             (2.3) 
Therefore the eigenvalues of ( )PTUρ are given (in obvious notation) by 
 ( ) 1 ( )PTU
d
λ λ ρ= −           .                           (2.4) 
It follows that if eigenvalue of ( . 2.1)Eqρ  is larger than  1
d
 , then ρ  is entangled.  This condition 
generalizes the previous condition for 2-qubits that if eigenvalue of ( )MDSρ  is larger than  1
2
 , then 
ρ  is entangled. 7,6  
The above analysis for MDS may be generalized as follows: 
Let 0f   be the unit matrix in dimension d  and suppose the density matrix is given by  
 ( ) ( )
23 1
2 2
,
1 0
2
d
d d
l l
l
d I t f I Sµ µ
µ
ρ σ
−
= =
= + ⊗ ≡ +∑∑  .                     (2.5) 
 Under PTU on the qubit 
 ( ) ( )22 dd PTU I Sρ = −  .                      (2.6)  
Therefore equations (2.3) and (2.4) hold, and if an eigenvalue of ( . 2.5)Eqρ  is larger than   1/ d    then 
ρ  is   entangled.  
We now find a sufficient condition and explicit form for separability of the MDS density matrix 
(2.1). Performing singular value decomposition (SVD)
15,16
 on the rectangular ( 3 8× ) matrix  
,lt µ  we 
obtain: 
                
3
,
1
l li i i
i
t u sVµ µ
=
=∑       .                                                                                                          (2.7) 
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Here is  are the singular values of  ,lt µ  , u  is   3 3×  real orthogonal matrix and  V  is 8 8×  real   
orthogonal matrix. Hence 
  ( ) 3 3 82
1 1 1
2 ; ,d i i i i li l i i
i l
d I s f u f V fµ µ
µ
ρ σ σ σ
= = =
= + ⊗ = =∑ ∑ ∑       .                  (2.8) 
σ  is related to σ  by unitary transformation. It is easy to verify that ( )i j ijtr f f δ=  . Hence the absolute 
values of the eigenvalues of  if   are  bounded  by  1. Therefore ( ) /d iI f d ±    is a legitimate density 
matrix for the qudit. We may write  
 
( )( ) ( )( ) ( )( ) ( )( )
( )
3
2 2
1
3
2
1
2 ( ) ( )
2
1
d di
i i i i i i
i
d
i
i
s
d I sign s I f I sign s I f
I s
ρ σ σ
=
=
 = + ⊗ + + − ⊗ − +
 
 
− 
 
∑
∑
   (2.9) 
and hence a sufficient condition for separability of ρ  is 
 
3
1
1i
i
s
=
≤∑         .            (2.10) 
Note that   
3 3
1 , 1
i lm
i l m
s t
= =
≤∑ ∑ , and usually it will be a sharp inequality. The proof is similar to the one in 
equations (2.24-2.28) below. 
2.2.   n-qubits with maximally disordered subsystems (MDS)  
We now specialize to the case that the qudit is actually composed of 1n −  qubits, i.e. 12nd −=  .The 
MDS ρ  is now written as  
3
( ) ( )
, , , 1
2 ( ) ( ) ( ) ( ) ( )n n nlmn l A m B n C
l m n
I R I Rρ σ σ σ
⋅⋅⋅
⋅⋅⋅=
= + ⊗ ⊗ ⋅⋅ ⋅ + ≡ +∑   . (2.11)                      
Recall that 
 ( ) 2i j ijtr σ σ δ=   .                  (2.12) 
The sufficient condition that ρ  is not fully separable becomes  
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 ( ) 112nλ ρ −>   .                    (2.13) 
  For further results about n-qubits MDS we distinguish between two cases: 
Case A:  n-qubits with maximally disordered subsystems with odd n.  
By performing the (full) transpose of ρ  into tρ , every yσ  in (2.11) is transformed to yσ− . This 
transformation does not change the eigenvalues ( ρ  and tρ  have the same eigenvalues). By a 0180  
unitary rotation of all qubits around the y  axis the eigenvalues of the density matrix are not changed, 
but  ,x x y yσ σ σ σ→ − → −  . We denote the resulting density matrix by
tuρ . Here the superscript 
tu  represents transpose of the whole density matrix, plus a unitary transformation. We emphasize that 
tuρ  and ρ have the same eigenvalues. However, since we assumed an odd number of σ  we get that 
R R→ −  in this case.  Hence for odd n   
 ( )( )2 nn tu I Rρ = −    .                                   (2.14)  
On the other hand, the partial transpose plus a 180
0
  unitary transformation around y  for one qubit 
(say qubit A) is also given by  
 ( )( )2 ( ; ) nn PTU A I Rρ = −  .                        (2.15) 
We get the general result, that for MDS of odd n   
 ( ; ) tuPTU Aρ ρ=      .                   (2.16) 
We find therefore that ( ; )PTU Aρ  has the same eigenvalues as ρ . Thus, for an odd number of qubits 
with MDS, Eq. (2.16) tells us that the P-H criterion does not give any information about entanglement.  
A further conclusion comes from the fact that for an odd n , the eigenvalues of 
( )( ) nI R+  are the same 
as those of
( )( ) nI R− ; it follows that the eigenvalues of ρ  are 1
2
i
n
r±
 ( )1ir ≤  (The eigenvalues of R  
come in pairs  ir±  ). 
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 Another criterion necessary (not sufficient) for full separability of 3-qubits is
10
   
   ( )1/61,8 2,2 3,3 4,4 5,5 6,6 7,7ρ ρ ρ ρ ρ ρ ρ≤ .              (2.17) 
For any density matrix, semi-positivity implies  
 1,8 1,1 8,8ρ ρ ρ≤   .                 (2.18) 
For ( )MDSρ  we have:  
 1,1 4,4 6,6 7,7 8,8 2,2 3,3 5,5;ρ ρ ρ ρ ρ ρ ρ ρ= = = = = = .                          (2.19) 
Hence Eq. (2.17) is satisfied. This result may be generalized to any odd n   ( )MDSρ . 
Case B:  n-qubits with maximally disordered subsystems with even n. 
The argument made for case A does not apply to case B, and therefore the P-H criterion may give 
information on the entanglement of MDS with even n. We demonstrate it in the following simple 
example. 
 Let us assume a 4-qubits density matrix given by: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
16 A B C D x x x xA B C D
y y y y z z z zA B C DA B C D
I I I Iρ σ σ σ σ
σ σ σ σ σ σ σ σ
= ⊗ ⊗ ⊗ + ⊗ ⊗ ⊗ +
⊗ ⊗ ⊗ + ⊗ ⊗ ⊗
      .             (2.20) 
The 16 eigenvalues of this density matrix are   
13 14 15 160 ( 1,2, ,12) ; 1 / 4i iλ λ λ λ λ= = ⋅⋅ ⋅ = = = =                                                              (2.21)    
Since there is an eigenvalue which is larger than 3
1
2
 it follows (see after Eq. (2.12)  that this ρ  cannot 
be fully separable. 
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2.3. Explicit full separability of 3-qubits with maximally disordered subsystems (MDS) 
             For 3n =  in (2.11) the 3-qubits products can be written (say relative to A) as
( ) ( ) ( ) ( ) ( ) ( )3 3 3 ( ) ( )
, , 1 1 , 1
;l llmn l m n l mn m n mn lmnA B C A B C
l m n l m n
R R R Rσ σ σ σ σ σ
= = =
⊗ ⊗ = ⊗ ⊗ ≡∑ ∑ ∑ . (2.22)  
We suggest the following transformation which reduces the 27 HS parameters lmnR  to  9 parameters 
with smaller 1l  norm. Performing the singular value decomposition (SVD)
16,17
  for the matrix 
( )
,
l
m n
R  in 
(2.22) we get: 
( ) ( ) ( ) ( ) ( ) ( )3 3 3 3 ( ) ( )( ) ( )
,
1 , 1 1 1
l ll l
l m n m n l i i iA B C A B C
l m n l i
R Rσ σ σ σ σ σ
= = = =
⊗ ⊗ = ⊗ ⊗∑ ∑ ∑ ∑     .    (2.23) 
Here we  used the SVD relation  
  
( ) ( ) ( ) ( )
, , , ,
,
l l l l
m i m n j n i j i
m n
U R V Rδ=∑                             (2.24) 
where 
( )lU  and ( )lV  are 3 3×  real orthogonal matrices, and ( ) ( )3( )
,
1
l
i m i mB B
m
Uσ σ
=
=∑ , etc. . Taking 
absolute values in (2.24) we get  
 
( ) ( ) ( ) ( ) ( ) ( ) ( )
, . , , . ,
, ,
l l l l l l l
i i m n i m n i m n i m n
m n m n
R U V R U V R= ≤∑ ∑        (2.25) 
Performing the summation over i  we get 
 
3 3 3
( ) ( ) ( ) ( )
, . ,
1 , 1 1
l l l l
i i m n i m n
i m n i
R U V R
= = =
≤∑ ∑ ∑    .     (2.26) 
( )
,
l
i mU   , for a certain m , and   
( )
,
l
n iV for a certain n ,  are unit vectors so that we get 
 
3
( ) ( )
, .
1
1l li m n i
i
U V
=
≤∑    .                      (2.27) 
Substituting (2.27) into (2.26) we get the relation  
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3 3
( ) ( )
,
1 , 1
l l
i m n
i m n
R R
= =
≤∑ ∑           .          (2.28) 
We find that the sum of the singular values absolute values 
3
( )
1
l
i
i
R
=
∑  is smaller or equal to the 1l   norm  
of the matrix 
( )
,
l
m n
R . 
By substituting (2.28) into (2.22) and using the general criterion (1.7) we find that under the 
condition (relative to A),    
3
( )
, 1
1l i
i l
R
=
≤∑       ,                              (2.29) 
 an explicit fully separable form for the 3-qubits MDS density matrix is obtained. In a similar way by using 
this procedure relative to B or C one gets, respectively,  
 
3 3
( ) ( )
, 1 , 1
1 ; 1m ni i
i m i n
R R
= =
≤ ≤∑ ∑   .            (2.30) 
One can choose the optimal condition for explicit full separability from the three conditions given by 
(2.29) and (2.30). A similar procedure to the above can reduce the 9 matrix elements 
mn
t  ( klo , ijp ) to 3 
singular values.  
2.4. A simple example of full separability  
A very simple example of 3-qubits is 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 38 A B C x x x zA B C A B CI I I R R I Iρ σ σ σ σ= ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗     ,      (2.31) 
where here we have only two HS parameters: 1R and 3R .  In this case the eigenvalues of 8ρ  are
2 2
1 31 R R+∓  . Therefore the condition for its being a density matrix is  
2 2
1 3 1R R+ ≤  and in a 
geometric picture the eigenvalues can be represented by all points which are within the unit circle.  A  
sufficient condition for writing it as fully-separable density matrix is: 1 3 1R R+ ≤ ,  and In a geometrical 
picture this separability condition  describes a square inscribed within the unit circle with vertices at 
points (1,0) , (0,1) , ( 1,0) , (0, 1)− − . We should notice that the separability conditions obtained by 
12 
 
the 1l  norm are sufficient but might be not necessary. In this example we can obtain full separability for 
all points within the circle since (2.31) can be written in the following explicitly separable form: 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
1 3
1 3
1 3
1 3
18
4
x x B x z CA
x x B x z CA
x x B x z CA
x x B x z CA
I I I R R
I I I R R
I I I R R
I I I R R
σ σ σ σ
σ σ σ σ
ρ
σ σ σ σ
σ σ σ σ
+ ⊗ + ⊗ + + + 
 
+ ⊗ − ⊗ − + + 
=  
− ⊗ − ⊗ + + + 
 
− ⊗ + ⊗ − + 
    ,             (2.32) 
which holds for all cases for which 
2 2
1 3 1R R+ ≤ .  
3.   GHZ state mixed with white noise  
We would like to demonstrate by using our methods how the entanglement property of a GHZ state is 
changed by mixing it with a white noise.
9,17 19−
 For this purpose we will make the analysis for the GHZ 
state:  
 
1 0 0 0 1 1 1
2 A B C A B C
ψ  = ⊗ ⊗ + ⊗ ⊗          .            (3.1) 
Similar results can be obtained for other GHZ states. We have used here the standard computational 
basis: 
 
1 0
0 , 1
0 1
   
= =   
   
            ,               (3.2) 
as the two states of each qubit. The computational basis of 3-qubits states is described by 8-dimensional 
vectors where in the i’th entry we have 1 and in all other entries we have zero. Then, the density matrix 
8 ρ (GHZ) for the state ψ  of (3.1) is given by  
13 
 
  
( )8 8
4 0 0 0 0 0 0 4
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 4
GHZρ ψ ψ= =
 
 
 
 
 
 
 
 
 
 
 
 
               .               (3.3) 
The HS decomposition of (3.3) is given by:
3
  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
8 ( ) x x x x y yA B C A B C A B C
y x y y y x z zB C A B CA C A B
z z z zA B C A B C
GHZ I I I
I
I I
ρ σ σ σ σ σ σ
σ σ σ σ σ σ σ σ
σ σ σ σ
= ⊗ ⊗ + ⊗ ⊗ − ⊗ ⊗
− ⊗ ⊗ − ⊗ ⊗ + ⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗
   .     (3.4) 
( )GHZρ is obviously not MDS . However, we note that any ρ  of n qubits may be written as 
 2 ( )n nI G Sρ = + +     ,                       (3.5) 
where under a given PTU transformation (say with respect to A ) ( )nI G+  is unchanged and S S→ −  . 
Hence 
 2 ( ; ) ( )n nPTU A I G Sρ = + −        .                   (3.6) 
From (3.5) and (3.6) follows the general relation 
 2 ( ; ) 2 ( ) 2n n nPTU A I Gρ ρ = + −      .                  (3.7)  
We note that in this calculation we do not need the whole HS decomposition; we only need the G   part 
which for PTUA   means those elements of the HS decomposition which include ( )AI . 
From Eq. (3.4) we see that G  in this case is given by ( ) ( ) ( )z zA B CI σ σ⊗ ⊗ . Then we get: 
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( ) ( ) ( ) ( )38 ( ; ; ) 2 2 8 ( )
0 0 0 0 0 0 0 4
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 4 0 0 0 0
0 0 0 0 4 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
y yA B C
GHZ PTU A I I GHZρ σ σ ρ= + ⊗ ⊗ − =
− 
 
 
 
 
 
 
 
 
 
 
− 
   .      (3.8) 
The eigenvalues of (3.8) are given by: 
             1 2 3 4 5 6 7 80 ; 4 ; 4λ λ λ λ λ λ λ λ= = = = = = = = −  .                                            (3.9)   
The negative eigenvalue 8 4λ = −  indicates the inseparability property of the density matrix   
( )GHZρ . 
 Assuming that the density matrix ( )GHZρ of (3.3) with a probability p  is mixed with white 
noise with probability (1 )p− , we get the density matrix: 
 ( ) ( ) ( ) ( )8 ( , ) 1 8 ( )A B CGHZ mixed p I I I p GHZρ ρ= − ⊗ ⊗ +     .              (3.10) 
The PTUA transformation of 8 ( , )GHZ mixedρ  is given by: 
( ) ( ) ( ) ( )8 ( , , ; ) 1 8 ( ; ; )
1 0 0 0 0 0 0 4
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 3 0 0 0 0
0 0 0 0 1 3 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
A B CGHZ mixed PTU A p I I I p GHZ PTU A
p p
p
p
p
p
p
p
p p
ρ ρ= − + =
− − 
 
− 
 −
 
+ 
 +
 
− 
 
−
 
− − 
.             (3.11)       
The eigenvalues of (3.11) are: 
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1 2 3 4 5 6 7 81 ; 1 3 ; 1 5p p pλ λ λ λ λ λ λ λ= = = = − = = = + = − .   (3.12) 
Under the condition 1/ 5p >  the mixed GHZ density matrix ( , )GHZ mixedρ remains inseparable. 
 Explicit fully separable density matrices for GHZ with white noise have been derived by Schack 
and Caves
9
 showing that for 1/ 5p ≤  ( , )GHZ mixedρ is fully separable. So 1/ 5p ≤   is necessary and 
sufficient for full separability. Such result was derived also in other works
18 19−
  using different methods. 
 
4.    A Braid state mixed with white noise 
The nB  Braid states have been obtained
12
  by the use of the nB  group discovered by Artin,
20,21
  
where the generator operators  1 2 1, , , ng g g −⋅ ⋅ ⋅   satisfy the nB Braid-group relations: 
              
1 2 1, , , | 1 ;
1
n i j j i
n
i j i j i j
g g g g g g g i j
B
g g g g g g i j
−
⋅ ⋅ ⋅ = − >
=
= − =
           .                                                 (4.1) 
For the nB  operators   1 2 1, , , ng g g −⋅ ⋅ ⋅ , operating on the n-qubits in our system, we use the 
representation: 
  
1
2
3
1
;
;
;
n
g R I I I
g I R I I
g I I R I
g I I I I R
−
= ⊗ ⊗ ⋅⋅ ⋅⊗
= ⊗ ⊗ ⋅⋅ ⋅⊗
= ⊗ ⊗ ⋅⋅⋅ ⊗
⋅
⋅
⋅
= ⊗ ⊗ ⋅⋅⋅ ⊗ ⊗
   .                 (4.2) 
Here R  is the unitary matrix given for our system by: 22    
1 0 0 1
0 1 1 01
0 1 1 02
1 0 0 1
R
 
 
− =
 
 
− 
    .                     (4.3) 
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The   matrix  R  satisfies also a special Yang-Baxter equation given by:   
 ( ) ( ) ( ) ( ) ( ) ( )R I I R R I I R R I I R⊗ ⋅ ⊗ ⋅ ⊗ = ⊗ ⋅ ⊗ ⋅ ⊗   .                   (4.4) 
Here the dot represents ordinary matrix multiplication, and ( )R I⊗  and ( )I R⊗  are matrices of 8 8×  
dimensions. The unitary R  matrix can be considered in quantum computation as a universal gate 
related to the CNOT gate by local single qubits transformations.
22
 It is quite easy to verify that the 
group relations (4.1) are satisfied by using   (4.2) and (4.3). 
The idea of using the nB  operators for deriving special entangled states
12
  is that by operating 
with the multiplication operator 1 2 3 1ng g g g −⋅ ⋅ ⋅ ⋅ ⋅  on the computational n-qubits states 
( 1,2, ,2 )niC i = ⋅ ⋅ ⋅  we will get entangled states ( 1,2, ,2 )niB i = ⋅⋅ ⋅ : 
1 2 1i n iB g g g C−= ⋅ ⋅ ⋅ ⋅  .                      (4.5) 
These states include entanglement properties analogous to those of the GHZ states, and may be 
considered as generalization of the Bell states
23
  to large n-qubits states ( 2n > ). One should take into 
account that ( 1,2, , 1)ig i n= ⋅ ⋅ ⋅ −  in (4.5), operate sequentially on the qubits , 1 ,2,1n n − ⋅ ⋅⋅ , and the 
matrix R  produces entanglement between qubits  pairs ( 1, ) (2,3),(1,2)n n− ⋅⋅ ⋅ , sequentially. 
It has been shown
12
  that by operating on computational states of the 3-qubits states with the 
operator  
 ( )1 2 ( )g g R I I R⋅ = ⊗ ⋅ ⊗  ,                      (4.6) 
we get 3-qubits Braid entangled states which have properties similar to those of the Bell 2-qubits states. 
In a similar way by operating on computational states of the 4-qubits with the operator  
( ) ( ) ( )1 2 3.g g g R I I I R I I I R⋅ = ⊗ ⊗ ⋅ ⊗ ⊗ ⋅ ⊗ ⊗    ,                                                            (4.7) 
we get the 4-qubits Braid entangled states, etc. One should take into account that 1 2g g⋅ is a matrix of 
8 8×  dimension operating on 8 dimensional vectors, while 1 2 3g g g⋅ ⋅  is a matrix of 16 16×  dimension 
17 
 
operating on 16 dimensional vectors of the computational basis of states, etc. Explicit expressions for 
the 3-qubits Braid entangled states have been given previously.
12
  
        We would like to study here how the entanglement properties of a Braid state are changed by 
mixing it with white noise. We make the analysis for the 3-qubits 1B  state. Similar results are obtained 
for other 3-qubis nB states. The density matrix of the 1B state is given by:  
      
2 0 0 2 0 2 2 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2 0 0 2 0 2 2 0
8 ( 1)
0 0 0 0 0 0 0 0
2 0 0 2 0 2 2 0
2 0 0 2 0 2 2 0
0 0 0 0 0 0 0 0
Bρ
− − − 
 
 
 
 
− 
=
 
 
− 
 
−
 
 
      .                                                     (4.8)          
The HS decompositions for the density matrix  ( 1)Bρ  is : 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
8 ( 1)) z z z x x zA B C A B C A B C
x z x z x x y yA B C A B C A B C
y y y yB CA C A B
B I I I
I
I I
ρ σ σ σ σ σ σ
σ σ σ σ σ σ σ σ
σ σ σ σ
= + ⊗ ⊗ − ⊗ ⊗
− ⊗ ⊗ − ⊗ ⊗ + ⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗
   .                          (4.9) 
Referring to Eq. (3.7), in the present case G  is given by  ( ) ( ) ( )y yA B CI σ σ⊗ ⊗ . Then we 
( ) ( ) ( ) ( ) ( ) ( )8 ( 1; ; ) 2 2 8 ( )
0 0 0 0 0 2 2 0
0 2 2 0 0 0 0 0
0 2 2 0 0 0 0 0
0 0 0 0 0 2 2 0
0 0 0 0 2 0 0 2
2 0 0 2 0 0 0 0
2 0 0 2 0 0 0 0
0 0 0 0 0 0 0 0
y yA B C A B C
B PTU A I I I I GHZρ σ σ ρ= ⊗ ⊗ + ⊗ ⊗ − =
 
 
 
 
 
− − 
 
−
 
− 
 
−
 
 
             (4.10) 
The eigenvalues of 8 ( 1; ; )B PTU Aρ  are given by: 
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 1 2 3 4 5 6 7 80 ; 4 ; 4λ λ λ λ λ λ λ λ= = = = = = = = −      .    (4.11) 
The negative value 8 4λ = −  indicates the entanglement of the density matrix ( 1)Bρ . Assuming that 
( 1)Bρ with a probability p  is mixed with white noise with probability (1 )p−  we get the density 
matrix  
( ) ( ) ( ) ( )8 ( 1; ) 1 8 ( 1)A B CB mixed p I I I p Bρ ρ= − +      .    (4.12) 
The PTU transformation of 8 ( 1; )B mixedρ is given by  
( ) ( ) ( ) ( )8 ( 1, , ; ) 1 8 ( 1, ; )
1 0 0 0 0 2 2 0
0 1 2 0 0 0 0 0
0 2 1 0 0 0 0 0
0 0 0 1 0 2 2 0
0 0 0 0 1 0 0 2
2 0 0 2 0 1 0 0
2 0 0 2 0 0 1 0
0 0 0 0 2 0 0 1
A B CB mixed PTU A p I I I p B PTU A
p p p
p p
p p
p p p
p p
p p p
p p p
p p
ρ ρ= − + =
− 
 + 
 +
 
− − − 
 + −
 
− − 
 
− −
 
− + 
  .      (4.13) 
The eigenvalues of 8 ( 1, , ; )B mixed PTU Aρ  are given by: 
1 2 3 4 5 6 7 81 ; 1 3 ; 1 5p p pλ λ λ λ λ λ λ λ= = = = − = = = + = −     .  (4.14) 
Under the condition 1/ 5p >  the Braid density matrix ( 1; )B mixedρ  remains inseparable. For 
1/ 5p ≤  a fully separable form for ( 1; )B mixedρ  is 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )
, ,
, ,
, ,
, ,
8 ( 1; )
1
4
2
(1 5 )
a b c a b cB C C A B C
a z b z c z a b c a b cA B A A B C
a x b x c z
a x b z c x
a z b x c x
y y y y y yA B C A B C
A B
B mixed
I I I I I I
p
I I I I I I
p I I I I I I
p I I
ρ
σ σ σ σ σ σ
σ σ σ σ σ σ
σ σ σ σ σ σ
= = =
= = =−
= =− =
= = =−
=
+ ⊗ − ⊗ − + + ⊗ + ⊗ + +  
⋅  
− ⊗ − ⊗ + + − ⊗ + ⊗ −  
 + ⊗ + ⊗ + + − ⊗ − ⊗ − 
+ − ⊗ ⊗
∑
( )CI
.    (4.15) 
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One should notice that in deriving (4.15) we used the relation 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
33 33 33
/ 2
y y y y y yA B C A B CB C A C A B
y y y y y yA B C A B
p I I I t I o I p I
p I I I I I I
σ σ σ σ σ σ
σ σ σ σ βσ σ
 + ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗ 
 = + ⊗ + ⊗ + + − ⊗ − ⊗ − 
            (4.16) 
As in the GHZ case, 1/ 5p ≤  is sufficient and necessary for full separablity. The properties of the 
n
B
entangled states are similar to those of the GHZ states as they belong to the same class.
24,25
  
  
  5.   A   W state mixed with white noise 
          In the present section we would like to study how the properties of the W   state are changed 
by mixing it with white noise.  We will make the analysis for W state given by: 
 
1 0 0 1 0 1 0 1 0 0
3W A B C A B C A B C
ψ  = ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗       ,     (5.1) 
where we have used the standard computational basis. The entanglement and separability 
properties of the W  states have been treated in various works. 10,18   The explicit form for the 
density matrix of the W  state is given by:  
3 8 ( )
0 0 0 0 0 0 0 0
0 8 8 0 8 0 0 0
0 8 8 0 8 0 0 0
0 0 0 0 0 0 0 0
0 8 8 0 8 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Wρ⋅ =
 
 
 
 
 
 
 
 
 
 
 
 
        .                      (5.2) 
The HS decomposition of (5.2) is: 
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3 8 ( ) 2( ) ( ) ( ) 2( ) ( ) ( ) 2( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2( ) ( ) ( ) 2( ) ( ) ( ) 2
y A B y C A y B y C y A y B C
z A B z C A z B z C z A z B C
z A B C A z B C A B z C
x A z B x C z A x B x C
W I I I
I I I
I I I I I I
ρ σ σ σ σ σ σ
σ σ σ σ σ σ
σ σ σ
σ σ σ σ σ σ
⋅ = ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗
− ⊗ ⊗ − ⊗ ⊗ − ⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗ + ( ) ( ) ( )
2( ) ( ) ( ) 2( ) ( ) ( ) 2( ) ( ) ( )
2( ) ( ) ( ) 2( ) ( ) ( ) 2( ) ( ) ( )
3( ) ( ) ( ) 3( ) ( ) ( )
x A x B z C
x A x B C x A B x C A x B x C
y A y B z C y A z B y C z A y B y C
z A z B z C A B C
I I I
I I I
σ σ σ
σ σ σ σ σ σ
σ σ σ σ σ σ σ σ σ
σ σ σ
⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗
− ⊗ ⊗ + ⊗ ⊗
.    (5.3) 
A simple way to obtain the PTA transformation of 3 8 ( )Wρ⋅  of (5.3) is to change the sign of the 
products in (5.3) if the first qubit is yσ . Then we get 
  
3 8 ( ; ; ) 3 8 ( ) 4( ) ( ) ( ) 4( ) ( ) ( )
4( ) ( ) ( ) 4( ) ( ) ( )
y A z B y C y A y B z C
y A y B C y A B y C
W PT A W
I I
ρ ρ σ σ σ σ σ σ
σ σ σ σ
⋅ = ⋅ − ⊗ ⊗ − ⊗ ⊗
− ⊗ ⊗ − ⊗ ⊗
   .  (5.4) 
Using for 3 8 ( )Wρ⋅ the density matrix in the computational basis given by (5.2), and subtracting the 
negative terms of (5.4) we get: 
  
3 8 ( ; ; )
0 0 0 0 0 8 8 0
0 8 8 0 0 0 0 0
0 8 8 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 8 0 0 0
8 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
W PT Aρ⋅ =
 
 
 
 
 
 
 
 
 
 
 
 
 .     (5.5) 
The eigenvalues of  3 8 ( ; ; )W PT Aρ⋅  are given by: 
1 2 3 4 5 6 7 80 ; 16 ; 8 ; 8 2 ; 8 2λ λ λ λ λ λ λ λ= = = = = = = = −  .    (5.6) 
8λ   indicates the inseparability of W .  
 Assuming that the density matrix (5.2) for ( )Wρ with a probability p  is mixed with white noise 
with probability (1 )p−  we get the density matrix  
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 8 ( ; ) (1 )( ) ( ) ( ) 8 ( )A B CW mixed p I I I p Wρ ρ= − ⊗ ⊗ +  .     (5.7) 
PTA transformation of ( ; )W mixedρ  is given by: 
( )
3 8 ( ; ; ; ) (1 )( ) ( ) ( ) 8 ( , ; )
3 1 0 0 0 0 8 8 0
0 3 5 8 0 0 0 0 0
0 8 3 5 0 0 0 0 0
0 0 0 3(1 ) 0 0 0 0
0 0 0 0 3 5 0 0 0
8 0 0 0 0 3(1 ) 0 0
8 0 0 0 0 0 3(1 ) 0
0 0 0 0 0 0 0 3(1 )
A B CW mixed PT A p I I I p W PT A
p p p
p p
p p
p
p
p p
p p
p
ρ ρ⋅ = − ⊗ ⊗ + =
− 
 
+ 
 +
 
− 
 +
 
− 
 
−
 
 
− 
.(5.8) 
The eigenvalues of (5.8) are given by  
1 2 3 4 5 6
7 8
3(1 ) ; 3 13 ; 3 5 ;
3 3 8 2 ; 3 3 8 2
p p p
p p p p
λ λ λ λ λ λ
λ λ
= = = = − = + = +
= − + = − −
                   (5.9) 
Under the condition: 3 / (3 8 2) 0.209589p > + ≈ , 8λ  is negative, so that the mixed W  state is 
still inseparable. Identical condition has been derived in a different way in the literature.
18
   
  A fully separable form for the density matrix 8 ( ; )W mixedρ  is given by:
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
8 ( ; )
( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
1 ( ) (
3
z z z z z zA B C A B C
z z z x A x B z CA B C
x A x B z C x A z B x C
x A z B x C z A x B x C
z A
W mixed p
I I I I I I
I I I I I I
I I I I I I
I I I I I I
I
ρ
σ σ σ σ σ σ
σ σ σ σ σ σ
σ σ σ σ σ σ
σ σ σ σ σ σ
σ
= ⋅
+ ⊗ + ⊗ − + − ⊗ + ⊗ + +
+ ⊗ − ⊗ + + + + ⊗ + ⊗ + +
− ⊗ − ⊗ + + + ⊗ + ⊗ + +
− ⊗ + ⊗ − + + ⊗ + ⊗ + +
+ ⊗ ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) 4( ) ( ) ( )
4( ) ( ) ( ) 4(
x B x C y A y B z C
y A y B z C y A z B y C
y A z B y C z A y B y C
z A y B y C A B z C
A z B C
I I I I I
I I I I I I
I I I I I I
I I I I I I
I I I I
σ σ σ σ σ
σ σ σ σ σ σ
σ σ σ σ σ σ
σ σ σ σ
σ
− ⊗ − + + ⊗ + ⊗ + +
− ⊗ − ⊗ + + + ⊗ + ⊗ + +
− ⊗ + ⊗ − + + ⊗ + ⊗ + +
+ ⊗ − ⊗ − + ⊗ ⊗ − +
⊗ − ⊗ +
( )
) ( ) ( )
1 9 ( ) ( ) ( )
z A B C
A B C
I I
p I I I
σ
 
 
 
 
 
 
 
 
 
 
 
 
 
 
− ⊗ ⊗ 
+ − ⊗ ⊗
                   (5.10) 
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Eq. (5.10) represents 8 ( ; )W mixedρ  as a fully separable density matrix in terms of products of pure 
states density matrices. The condition 1 / 9p ≤  is therefore obviously sufficient for full separability of 
this density matrix. However it is not obviously necessary and perhaps may be improved by other 
separability methods. One should take into account that our conditions for entanglement, derived by 
the PTU transformations, do not distinguish between bi-separability and genuine entanglement.
10
  
 
6.   GHZ-diagonal states  
General GHZ-diagonal states are given by 
 ( ) 8
1
; i i i
i
GHZ diag p GHZ GHZρ
=
=∑     .         (6.1) 
Here ( )ii iGHZ GHZ GHZ≡  are the 8 density matrices constructed from the 8 pure orthonormal 
GHZ states. ip   is the probability of the corresponding density matrix. Here we treat the entanglement 
and separability properties of the GHZ-diagonal GHZ by the use of the HS decompositions. The 
properties of these states have been treated by other authors
10,11,18
  using different methods. The 
explicit expressions for the states ( )iGHZ  in the computational basis are given by the following 
expressions, to be divided by  2  : 
1 2
3 4
1 1 1 0 0 0 1 1 1 0 0 0( ) ; ( )
0 0 0 1 1 1 0 0 0 1 1 1
1 1 0 0 0 1 1 1( ) ; ( )
0 0 1 1 1 0 0 0
GHZ GHZ
GHZ GHZ
                       
= ⊗ ⊗ + ⊗ ⊗ = ⊗ ⊗ − ⊗ ⊗                       
                       
             
= ⊗ ⊗ + ⊗ ⊗ = ⊗             
             
5 6
7
0 0 0 1
1 1 1 0
1 0 1 0 1 0 1 0 1 0 1 0( ) ; ( )
0 1 0 1 0 1 0 1 0 1 0 1
0 0 1 1( )
1 1 0 0
GHZ GHZ
GHZ
         ⊗ − ⊗ ⊗         
         
                       
= ⊗ ⊗ + ⊗ ⊗ = ⊗ ⊗ − ⊗ ⊗                       
                       
      
= ⊗ ⊗ +     
     
8
1 0 0 0 1 1 1 0
;( )
0 1 1 1 0 0 0 1
GHZ                ⊗ ⊗ = ⊗ ⊗ − ⊗ ⊗                 
                 
. (6.2)     
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We assume that the probabilities   1 2 8, , ,p p p⋅ ⋅ ⋅  satisfy the relations  
8
1 2 3 8
1
, , ; 1i
i
p p p p p
=
≥ ≥ ⋅⋅ ⋅ ≥ =∑          .                                                                                                   (6.3) 
These relations do not violate the generality of the present analysis since we can always transform the 
( ) ( 1,2,...,8)iGHZ i =  density matrices by unitary transformations and redefine the parameters ip
so that (6.3) is satisfied. The explicit expression for the density matrix (6.1) in the computational basis is 
( )
1 2 1 2
3 4 3 4
5 6 5 6
7 8 7 8
7 8 7 8
5 6 5 6
3 4 3 4
1 2 1 2
8 ;
4( ) 0 0 0 0 0 0 4( )
0 4( ) 0 0 0 0 4( ) 0
0 0 4( ) 0 0 4( ) 0 0
0 0 0 4( ) 4( ) 0 0 0
0 0 0 4( ) 4( ) 0 0 0
0 0 4( ) 0 0 4( ) 0 0
0 4( ) 0 0 0 0 4( ) 0
4( ) 0 0 0 0 0 0 4( )
GHZ diag
p p p p
p p p p
p p p p
p p p p
p p p p
p p p p
p p p p
p p p p
ρ =
+ −
 + −
 + −

+ −

− +

− +

− +


− +













  (6.4 
The HS decomposition of ( )8 ;GHZ diagρ  of  (6.1,6.4),  is given by: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
111 122
212 221 33
33 33
8 ; x x x x y yA B C A B C A B C
y x y y y x z zB C A B CA C A B
z z z zA B C A B C
GHZ diag I I I R R
R R t I
o I p I
ρ σ σ σ σ σ σ
σ σ σ σ σ σ σ σ
σ σ σ σ
= + ⊗ ⊗ + ⊗ ⊗
⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗
+ ⊗ ⊗ + ⊗ ⊗
. (6.5) 
We have here 7 parameters: 111 122 212 221 33 33 33, , , , , ,R R R R t o p . 
A simple way to obtain the PTU transformation of ( )8 ;GHZ diagρ  is given by inverting the 
sign of the first qubit (qubit A) if it is ( ) ( , , )i A i x y zσ =  and leaving the sign unchanged if it is  ( )AI  . 
Then the PTUA transformation of (6.5) is given as: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )338 ; ; ; 8 ; 2 2 z zA B C A B CGHZ diag PTU A GHZ diag I I I t Iρ ρ σ σ= − + + ⊗ ⊗  . (6.6) 
By doing the PTU transformation relative to that of the qubit B  we invert the sign ( ) ( , , )i B i x y zσ =
but leave the sign unchanged if it is ( )BI  . Then we get from (6.5): 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )338 ; ; ; 8 ; 2 2 z zA B C A B CGHZ diag PTU B GHZ diag I I I o Iρ ρ σ σ= − + + ⊗ ⊗ .  (6.7) 
In a similar way by doing the PTU transformation relative to that of the qubit C  we get: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )338 ; ; ; 8 ; 2 2 z zA B C A B CGHZ diag PTU C GHZ diag I I I p Iρ ρ σ σ= − + + ⊗ ⊗ .  (6.8) 
By substituting ( )8 ;GHZ diagρ  from (6.4) into (6.6) we get    
 
( )
1 2 1 2
33
3 4 3 4
33
5 6 5 6
33
7 8 7 8
33
7 8 7 8
33
5 6 5 6
33
8 ; ;
4( ) 0 0 0 0 0 0 4( )
2 2
0 4( ) 0 0 0 0 4( ) 0
2 2
0 0 4( ) 0 0 4( ) 0 0
2 2
0 0 0 4( ) 4( ) 0 0 0
2 2
0 0 0 4( ) 4( ) 0 0 0
2 2
0 0 4( ) 0 0 4( ) 0 0
2 2
0
GHZ diag PTUA
p p p p
t
p p p p
t
p p p p
t
p p p p
t
p p p p
t
p p p p
t
ρ =
− + − −
+
− + − −
− +
− + − −
+
− + − −
− +
− − − +
− +
− − − +
+
3 4 3 4
33
1 2 1 2
33
4( ) 0 0 0 0 4( ) 0
2 2
4( ) 0 0 0 0 0 0 4( )
2 2
p p p p
t
p p p p
t
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
− − − + 
 
− +
 
− − − + 
 + 
 
            (6.9) 
By evaluating all the products of (6.5) in the computational basis and comparing them with the density 
matrix (6.4) we get after straightforward calculations the relations:
( ) ( )
( )
111 1 3 5 7 2 4 6 8 221 2 4 5 7 1 3 6 8
212 2 3 6 7 1 4 5 8 122 2 3 5 8 1 4 6 7
33 1 2 7 8 33 1 2 5 6
33 1 2 3 4
; ;
; ;
1 2 ; 0 1 2 ;
1 2
R p p p p p p p p R p p p p p p p p
R p p p p p p p p R p p p p p p p p
t p p p p p p p p
p p p p p
= + + + − − − − = + + + − − − −
= + + + − − − − = + + + − − − −
+ = + + + + = + + +
+ = + + +
   (6.10) 
Eigenvalues of (6.9) are obtained by solving 4 quadratic equations. By taking into account in (6.9) the 
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terms in the first and eight lines with the corresponding terms in the first and eight columns we get the 
eigenvalues for the quadratic equation  
 [ ] ( )221 2 33 1 24( 2 2 ) 4p p t p pλ− + + + − = −   .                    (6.11) 
Using the relation ( )33 1 2 7 82 2 4t p p p p+ = + + + obtained from (6.10), and due to the use of the 
relation (6.3) we find that the smallest eigenvalue of (6.11) is obtained from this equation and is given 
by: 
( )min 7 8 1 2( ; ) 4PTU A p p p pλ = + − −     .                                                                                       (6.12) 
So that a negative value of min (PTUAλ )  , i.e. 
 ( )7 8 1 2 0p p p p+ − − <  ,                  (6.13) 
is a sufficient condition for  the density matrix ( )8 ;GHZ diagρ  to be inseparable, with respect to A. 
 By substituting ( )8 ;GHZ diagρ  from (6.4) into (6.7) and transforming this equation into the 
computational basis we obtain equations which are similar to (6.9), (6.10) and (6.11) and get the 
minimal value for the PTUB transformation: 
 ( )min 5 6 1 2( ; ) 4PTU B p p p pλ = + − −     .                 (6.14)  
So that a negative value of min ( ; )PTU Bλ , i.e. 
( )5 6 1 2 0p p p p+ − − <   ,                 (6.15) 
is a  sufficient condition for the density matrix ( )8 ;GHZ diagρ  to be inseparable with respect to B. 
By substituting ( )8 ;GHZ diagρ  from (6.4) into (6.8) and transforming this equation into the 
computational we get in a similar way the relation  
    ( )min 3 4 1 2( ; ) 4PTU C p p p pλ = + − −   .             (6.16) 
So that a negative value for min ( ; )PTU Cλ   , i. e. , 
 ( )3 4 1 2 0p p p p+ − − <     ,                 (6.17) 
Is   a sufficient condition for the density matrix ( )8 ;GHZ diagρ  to be inseparable with respect to  C. 
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The condition (6.17) for entanglement implies also the conditions (6.15) and the condition (6.13), but 
not vice versa. 
 A sufficient condition for separability can be given by applying the general equation (1.7) to the 
GHZ-diagonal states obtaining       
  111 122 212 221 33 33 33 1R R R R t o p+ + + + + + ≤  .          (6.18) 
We have here 7 parameters. We would like to apply the relations (6.10) in (6.18), but in order to do this 
we have to clarify what are the absolute values of the parameters given by (6.10). From (6.3) it is 
straightforward to notice that the parameters 33 33,o p and 111R  are non-negative i.e. 
 33 33 1110 , 0 , 0o p R≥ ≥ ≥     .                 (6.19) 
  For finding separability conditions for ( )8 ;GHZ diagρ we assume that the condition (6.17) for 
entanglement is not satisfied, so that we can assume for treating separability  
( )1 2 3 4p p p p− ≥ +  .                 (6.20) 
By using Eq. (6.3) and substituting the relations (6.20) into the equations for  122 212 221, ,R R R   and 33t ,  
we find after  some simple algebra that the parameters 122 212 221, ,R R R  are non-positive while 33t  is 
positive , i.e.,  
 33 122 212 2210 , 0 , 0 , 0t R R R≥ ≤ ≤ ≤    .               (6.21) 
Using equations (6.18), (6.19) and (6.21) we obtain a sufficient condition for the separability of the GHZ 
–diagonal states. 
 111 122 212 221 33 33 33 1R R R R t o p− − − + + + ≤      .               (6.22) 
By substituting in (6.22) the present 7 HS parameters from (6.10) and using (6.3) we get after 
straightforward calculations,   
 
1 2 3 4 5 6 7 8
1 1
10 2 2 2 2 2 2 2 3 1 ;
8 2 1 / 4
p p p p p p p p
p p
+ + + + + + + − ≤
≤ → ≤
             (6.23) 
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The condition 1 1 / 4p ≤  is therefore obviously a sufficient condition for full separability of the GHZ-
diagonal density matrices. However it is not necessary and may be improved by other separability 
methods.
10,18
  In particular let us assume the special case  
33 33 33t o p C= = =    .                                                                      (6.24) 
Then from (6.3) and (6.10) we get: 
1 2
3 4 5 6 7 8
1 2
212 221 122 111 2 1
1
,
6
4( ) 1 0 ,
3
p pp p p p p p
p pC
R R R R p p
− −
= = = = = =
+ −
= ≥
= = = − = −
        .                 (6.25) 
Using (6.24) we have              
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
33 33 33
/ 2
y y y y y yA B CB C A C A B
y y y y y yA B C A B
t I o I p I
C I I I I I I CI I I
σ σ σ σ σ σ
σ σ σ σ βσ σ
 ⊗ ⊗ + ⊗ ⊗ + ⊗ ⊗ = 
 + ⊗ + ⊗ + + − ⊗ − ⊗ − − ⊗ ⊗ 
(6.26) 
The criterion for full separability (6.18) becomes 
 111 122 212 221 1R R R R C+ + + + ≤             .             (6.27) 
Substituting (6.25) in (6.27) we get a sufficient condition for full separability  
 1 2 / 2 1 / 4p p− ≤            .               (6.28) 
The condition for inseparability (6.17) for this case becomes 
 1 2 1 2 1 2
1 / 2 1 / 4
3
p p p p p p− − < − → − >  
    .           (6.29) 
Therefore the P-H criterion in this case is both necessary and sufficient for inseparability, when (6.24) is 
satisfied.  This result is in agreement with [17}. 
We notice that in the present case the condition for full separability is improved relative to 
(6.23). In particular, for the case of mixture of GHZ with white noise (section 3):( 1
1 7
8
pp += ,
2 3 8
1
8
pp p p −= = ⋅ ⋅ ⋅ = =  )  Eq.(6.28) yields 1/ 5p ≤  in agreement with the analysis of section (3).   
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7. Summary 
In the present work separability/entanglement properties of multiple qubits systems and a qubit and a 
qudit were treated by the use of HS decompositions. It is straightforward to do the PT transformation 
which amounts to changing the sign of  yσ  , of one qubit, or do the PTU transformation which amounts 
to changing the sign of  ( , , )i i x y zσ =  for one qubit.  If for any density matrix we get by PT or PTU 
transformations negative eigenvalues we can conclude that the original density matrix is not fully 
separable. 
 In section 2 we treated the density matrices with MDS
7
  given in the HS decompositions by (2.1) 
and (2.11). For MDS n-qubits system with odd n  the PTU transformation does not change the 
eigenvalues, so that the P-H criterion for these density matrices is mute. For even n-qubits systems, the 
PTU transformation can give negative eigenvalues and thus can give information on the inseparability of 
the n-qubits systems. We have demonstrated for a simple example given by (2.17) that the use of the 
Peres criterion shows that it is inseparable. We analyzed the entanglement and separability properties 
of a MDS system composed of a qubit and a qudit. By using SVD we find that in analogous way to that of 
the 2-qubits, we get three parameters 1 2 3, ,s s s  where a sufficient condition for separability is given by 
(2.10). We find also that if an eigenvalue of the MDS density matrix ABρ , composed of a qubit plus 
qudit, is larger than1 / d , then ABρ is entangled. 
 We used the present method to analyze the entanglement properties of GHZ state, Braid 
n
B  
entangled state
12
 and W  state mixed with white noise given by
( ) ( ) ( ) ( )(1 ) / 8A B Cmixed p p I I Iρ ρ  = + − ⊗ ⊗  , where p  is the probability for the original 
density matrix  ρ  , and (1 )p−   is the probability for the white noise.  We calculated the minimal value 
of  p  , for which the PTU transformation still yields negative eigenvalue, hence indicating inseparability. 
We found that under the condition 1/ 5p >  the mixed GHZ and Braid state remain entangled as 
derived in (3.12) and (4.14), respectively, while for 1/ 5p ≤  they are fully separable. (The Peres-
Horodecki criterion is necessary and sufficient). Under the condition
3 0.20958
3 8 2
p > ≈
+
 the mixed 
W  state remains entangled as derived in (5.9).  
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 The HS decomposition derived in (5.3) for the W  density matrix has been transformed in (5.10) 
to a quite complicated fully separable density matrix, composed of products of single qubits pure states 
density matrices. We found that the condition 1 / 9p ≤  is obviously sufficient for full separability but 
perhaps may be improved by other separability methods.
17 18−
   
 In section 6 we used our methods for treating entanglement and separability properties of GHZ-
diagonal states. We have taken into account that the GHZ-diagonal density matrices are not symmetric 
relative to the exchange between the qubits A, B and C. Then, by performing the PTU transformations 
for the qubits A, B and C we obtained the corresponding sufficient conditions for inseparability given by 
(6.13), (6.15) and (6.17), respectively. We find that a sufficient condition for separability of the GHZ 
diagonal states is given by the simple relation 1 1 / 4p ≤ . This condition is obviously a sufficient condition 
for full separability but might be improved by other separability methods.
17,18
  For the case of two 
independent parameters 1p  and 2p , and 3 4 8p p p= = ⋅ ⋅ ⋅ =  ,the criterion for inseparability 
1 2 / 2 1 / 4p p− >  is both necessary and sufficient. 
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